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On p-class groups of relative cyclic p-extensions
Yasushi Mizusawa Kota Yamamoto
Abstract. We prove a general stability theorem for p-class groups of number
fields along relative cyclic extensions of degree p2, which is a generalization of
a finite-extension version of Fukuda’s theorem by Li, Ouyang, Xu and Zhang.
As an application, we give an example of pseudo-null Iwasawa module over a
certain 2-adic Lie extension.
1 Introduction
Let p be a fixed prime number. For a finite extension k of the rational number
field Q, we denote by A(k) be the Sylow p-subgroup of the ideal class group Cl(k)
of k. As seen in the ambiguous class number formula (see [6, 15] etc.) and Iwasawa
theory (see [3, 4, 5] etc.), p-divisibility and p-stability of class numbers in relative
cyclic p-extensions are typical subjects of algebraic number theory. In particular, the
following theorem provides many explicit examples of finite Iwasawa modules.
Theorem 1.1 (Fukuda [2]). Let k∞/k be a Zp-extension (i.e., an infinite procyclic
pro-p-extension) which is totally ramified at any ramified primes, and let kn/k be the
subextension of degree pn. If |A(k1)| = |A(k)|, then A(kn) ≃ A(k) for all positive
integer n.
The proof of Theorem 1.1 is based on the theory of modules over Iwasawa algebra.
By the same proof, we also obtain a p-rank version ([2, Theorem 1 (2)]), a version for
p-ideal class groups ([9, Proposition 3]) and a pe-rank version for ray class groups ([10,
Theorem 4.3]) etc. Moreover, by a parallel proof based on Galois module theory, a
version of Theorem 1.1 for cyclic extension of degree p2 has been obtained as follows.
Theorem 1.2 (Li, Ouyang, Xu and Zhang [7]). Let k′′/k be a cyclic extension of
degree p2 with the subextension k′/k of degree p. Assume that k′′/k is totally ram-
ified at any ramified primes, and not unramified. Then, for any positive integer e,
A(k′′)/peA(k′′) ≃ A(k′)/peA(k′) ≃ A(k)/peA(k) if |A(k′)/peA(k′)| = |A(k)/peA(k)|.
On the other hand, by arguments similar to the proof of Iwasawa’s p-divisibility
theorem ([4], see also [13, Theorem 10.4]), Theorem 1.2 for k with cyclic A(k) is
also obtained under more general ramification condition (see [14, Theorem 2.1 and
Corollary 2.3], also [11, Proposition 1]). In this paper, combining the ideas of these
results, we give a generalization of Theorem 1.2 in more general situation where the
number fields are not necessarily finite extensions of Q. Since our proof is not based
on Galois module theory, another proof of Theorem 1.2 is also obtained.
2010 Mathematics Subject Classification: 11R29, 11R23.
Key words: Fukuda’s theorem, class group, p-extension, restricted ramification.
1
Y. Mizusawa, K. Yamamoto, On p-class groups of relative cyclic p-extensions
2 Main theorem
We denote by N the set of positive integers. Let K be an algebraic extension of
Q, and let S, T be sets of primes of a subextension of K/Q such that S ∩T = ∅. We
denote by LTS,∞(K) the maximal abelian pro-p-extension of K which is unramified
outside S and totally decomposed at any primes lying over T . For each e ∈ N, let
LTS,e(K)/K be the maximal subextension of L
T
S,∞(K)/K such that the exponent of
the Galois group is at most pe. Put ATS,e(K) = Gal(L
T
S,e(K)/K) for e ∈ N ∪ {∞}.
Then LTS,∞(K) =
⋃
e∈N L
T
S,e(K), and A
T
S,e(K) ≃ ATS,∞(K)/peATS,∞(K) for each e ∈ N.
If K/Q is a finite extension, A∅∅,e(K) ≃ A∅∅,∞(K) ≃ A(K) for all sufficiently large
e ∈ N. Moreover if S is a finite set, ATS,∞(K) is finitely generated as an abelian pro-p
group. Then, for each e ∈ N, ATS,e(K) is isomorphic to the quotient p-group of the ray
class group of K modulo sufficiently high power of
∏
v∈S v factored by the minimal
subgroup containing all peth power elements and all classes of primes lying over T .
The main result of this paper is the following theorem.
Theorem 2.1. Let K be an algebraic extension of Q, and let Σ, S, T be sets of
primes of K such that S ∩ T = ∅. Suppose that K ′′/K is a cyclic extension of degree
p2 unramified outside Σ with the unique subextension K ′/K of degree p. Assume that
the following conditions are satisfied:
(1) (Σ \ S) ∪ T 6= ∅.
(2) K ′′/K is totally ramified at any primes lying over Σ \ (S ∪ T ).
(3) No prime lying over T splits in K ′/K.
Then the following statements hold true for each e ∈ N ∪ {∞}:
· The restriction mapping ρe : ATS,e(K ′)→ ATS,e(K) is surjective.
· If ρe is an isomorphism, ATS,e(K ′′) ≃ ATS,e(K ′) ≃ ATS,e(K) via the restriction
mappings. Then moreover AΣ∩TS,e (K
′′) ≃ ATS,e(K ′′) if Σ \ S 6= ∅.
Remark 2.2. Suppose that K/Q is a finite extension. If S = T = ∅, Theorem 2.1 is
exactly Theorem 1.2. Theorem 1.1 is obtained by the recursive use of Theorem 1.2
for kn+2/kn. If S = ∅, T ⊂ Σ, and AT∅,∞(K) is trivial, then Theorem 2.1 is just [14,
Theorem 2.1] and [11, Proposition 1].
3 Proof of Theorem 2.1
By (2) and (3), (Σ \ S) ∪ T contains no archimedean primes. Put L = LTS,e(K),
L′ = LTS,e(K
′) and
L′′ =
{
LΣ∩TS,e (K
′′) if Σ \ S 6= ∅,
LTS,e(K
′′) if Σ \ S = ∅.
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Then LK ′ ⊂ L′ and LK ′′ ⊂ L′K ′′ ⊂ LTS,e(K ′′) ⊂ L′′. Moreover, K ′′∩L = K ′∩L = K
by (1) and (2) if T = ∅, and by (3) if T 6= ∅. Hence ρe is surjective and Ker ρe =
Gal(L′/LK ′). Assume that ρe is an isomorphism from now on. Then L′ = LK ′. By
the maximality of L′′, L′′/K is a Galois extension, which is unramified outside Σ∪S.
Put G = Gal(L′′/K) and H = Gal(L′′/LK ′′). Then [G,G] ⊂ H , where the bracket
denotes the closed commutator subgroup.
Suppose that H 6= {1}. Since [G,G] 6= [[G,G], G] if [G,G] 6= {1}, we have
H 6= [[G,G], G]. Then H has a normal subgroup N of index |H/N | = p such that
· [G,G] ⊂ N if H 6= [G,G],
· [[G,G], G] ⊂ N if H = [G,G].
In either case, [H,G] ⊂ N , and N/[H,G] is a normal subgroup of G/[H,G]. Then N
is a normal subgroup of G, and H/N = Gal((L′′)N/LK ′′) is contained in the center
of G/N = Gal((L′′)N/K). In particular, Gal((L′′)N/LK ′′) is also contained in the
center of Gal((L′′)N/L). Since Gal(LK ′′/L) is cyclic, (L′′)N/L is an abelian extension
of degree p3.
By (1), at least one of the following conditions is satisfied:
(i) Σ \ S 6= ∅ and there is some v0 ∈ Σ \ (S ∪ T ),
(ii) Σ \ S 6= ∅ and there is some v0 ∈ Σ ∩ T ,
(iii) Σ \ S = ∅ and there is some v0 ∈ T .
If (i), (L′′)N/LK ′′ is unramified over v0, but LK ′′/L is totally ramified at primes
lying over v0 by (2). If (ii) or (iii), (L
′′)N/LK ′′ is decomposed at any primes lying
over v0, but no primes lying over v0 split in LK
′′/L by (3). In either case, (L′′)N/L
is never cyclic, and hence Gal((L′′)N/L) is an abelian group of type [p2, p]. There
exists uniquely an intermediate fieldM of (L′′)N/L such that Gal(M/L) is an abelian
group of type [p, p]. Then L′ ⊂ M and [M : L′] = p. Thus we obtain the following
diagram.
K ′′ ❴❴❴ LK ′′ (L′′)N ❴❴❴ L′′
K ′ ❴❴❴❴ L′
·
✈
✈
✈
✈
✈
✈
✈
✈
✈
M
K ❴❴❴❴ L
·
✉
✉
✉
✉
✉
✉
✉
✉
✉
·
Let v be an arbitrary prime of L lying over a prime in T \ Σ. Then v is inert
in LK ′′/L by (3), and (L′′)N/L is unramified at v. Since (L′′)N/L is not cyclic,
(L′′)N/LK ′′ is decomposed at any primes lying over v. Hence (L′′)N ⊂ LTS,e(K ′′)
(even if Σ \ S 6= ∅).
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Let w0 be an arbitrary prime in (Σ \ S) ∪ T . There exists such a prime w0 by
(1). For each prime w of (L′′)N lying over w0, we denote by Lw either the inertia
field or the decomposition field in (L′′)N/K according to whether w0 ∈ Σ \ (S ∪ T )
or w0 ∈ T . Then L ⊂ Lw. Since (L′′)N ⊂ LTS,e(K ′′), (L′′)N/LK ′′ is unramified at any
primes lying over w0, and moreover decomposed at the prime if w0 ∈ T . Therefore
[(L′′)N : Lw] ≤ p2. Since Gal((L′′)N/Lw)|LK ′′ = Gal(LK ′′/L) by (2) and (3), we
have Gal((L′′)N/Lw) ≃ Z/p2Z. In an abelian group Gal((L′′)N/L) of type [p2, p],
all subgroups of order p2 contains a common subgroup Gal((L′′)N/M) ≃ Z/pZ, and
Gal((L′′)N/L′) is the unique noncyclic subgroup of order p2. Then Lw ⊂ M and
Lw 6⊂ L′. Hence K ′Lw = L′Lw = M . This implies thatM is the common inertia field
or the common decomposition field in (L′′)N/K ′ for all w|w0 according to whether
w0 ∈ Σ\(S∪T ) or w0 ∈ T . In particular,M ⊂ LTS,1(L′). For any σ ∈ Gal((L′′)N/K ′),
σ(w) is also lying over w0. Since σ(M) is the inertia field or the decomposition field
of σ(w) in (L′′)N/K ′ according to whether w0 ∈ Σ \ (S ∪ T ) or w0 ∈ T , we have
σ(M) = M . Hence M/K ′ is a Galois extension. Since M ⊂ LTS,1(L′), M/K ′ is
unramified outside S and totally decomposed over T . Since (L′′)N = MK ′′ and
M ∩K ′′ = K ′, we have Gal(M/K ′) ≃ Gal((L′′)N/K ′′). Since Gal((L′′)N/K ′′) is an
abelian pro-p group whose exponent is at most pe, M ⊂ LTS,e(K ′) = L′. This is a
contradiction. Therefore H = {1}, i.e., LK ′′ = LTS,e(K ′′) = L′′. Thus we obtain the
statements.
Remark 3.1. The key points of this proof are the topology of pro-p group and
the structure of an abelian group of type [p2, p]. The use of equivalence between
“ [G,G] = [[G,G], G]” and “ [G,G] = {1}” corresponds to the use of Nakayama’s
lemma in the original proof of Theorem 1.1 and Theorem 1.2.
4 Examples
There are various examples of Theorem 2.1 as follows.
Example 4.1. Suppose p = 3, and put ℓ = 109 ≡ 1 (mod p3). Put K ′′ = L∅{ℓ},∞(Q),
which is a cyclic extension of Q of degree p3. Suppose that K ′ = L∅{ℓ},2(Q) and
K = L∅{ℓ},1(Q). Then Σ = {vℓ} where vℓ is the unique prime of K lying over ℓ. Let
S = {v7, v43, v′43, v′′43} be the set of primes of K lying over 7 or 43. Put T = ∅. By
[12], we see that A∅S,∞(K) ≃ A∅S,∞(K ′) ≃ [9,3]. Hence A∅S,∞(K ′′) ≃ Z/9Z ⊕ Z/3Z
by Theorem 2.1.
Example 4.2. Suppose p = 2, and put k′′ = L∅{41,3},∞(Q), which is a totally real
cyclic octic field. Put k′ = L∅{41},∞(Q) = L
∅
{41,3},2(Q) and k = L
∅
{41},1(Q) = Q(
√
41).
The prime 3 is inert in k′/Q. Suppose that K ′′ = k′′K and K ′ = k′K where
K = k(
√
7 · 19 · 37). Then Σ = {v3, v′3, v41, v′41}, where v3, v′3 (resp. v41, v′41) are the
distinct primes of K lying over 3 (resp. 41). Suppose S = ∅, and put T = {v3, v′3}.
Since AT∅,∞(K) ≃ A(K) ≃ [2,2] and AT∅,∞(K ′) ≃ A(K ′) ≃ [2,2] by [12], we have
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AT∅,∞(K
′′) ≃ Z/2Z⊕ Z/2Z by Theorem 2.1.
Example 4.3. Suppose p = 2, and put K = Q(
√−7) whose class number is 1.
Put K(∞) = KQ(∞) and K(n) = KQ(n), where Q(∞) is the cyclotomic Z2-extension
of Q, and Q(n) is the subextension of degree 2n. Suppose that K ′′ = K(2) and
K ′ = K(1) = K(
√
2). Then Σ = {v, v′}, where v and v′ are the distinct primes lying
over 2. Put S = {v} and T = ∅. There is an exact sequence
O×K ′
ϕe
// (OK ′/we+2)× // Clwe+2(K ′) // Cl(K ′) // 0 ,
where OK ′ is the ring of algebraic integers in K ′, w is the prime of K ′ lying over
v, and Clwe+2(K
′) is the ray class group of K ′ modulo we+2. Similarly, the ray
class group of K modulo ve+2 is isomorphic to A∅S,e(K) ≃ (Z[1+
√−7
2
]/ve+2)×/{±1} ≃
(Z/2e+2Z)×/{±1}, and hence A∅S,∞(K) ≃ Z2. Since (OK ′/we+2)× ≃ (Z[
√
2]/
√
2
e+2
)×
andO×K ′ = Z[
√
2]×, we haveGal(L∅S,∞(K
′)/L∅∅,∞(K
′)) ≃ lim←−Cokerϕe ≃ Gal(Q(∞)/Q(
√
2)) ≃
Z2. Since Cl(K
′) ≃ [2] and Clw5(K ′) ≃ [4] by [12], we see that A∅S,∞(K ′) ≃ Z2
(see e.g. [14, Lemma 4.2]). Then A∅S,∞(K
′′) ≃ Z2 by Theorem 2.1. By the recursive
use of Theorem 2.1, A∅S,∞(K
(n)) ≃ Z2 for all n ∈ N.
Moreover, as an application of Theorem 2.1, we obtain the following theorem on
the Iwasawa modules of 2-adic Lie iterated extensions.
Theorem 4.4. Suppose that p = 2 and k = Q(
√−ℓ1ℓ2) with two distinct prime
numbers ℓ1 ≡ ℓ2 ≡ ±5 (mod 8). Let k(∞) be the cyclotomic Z2-extension of k.
Suppose that b0 is an algebraic integer in k such that 2+ b0 ∈ ℓ1(k×)2 ∪ 2ℓ1(k×)2 and
4− b20 ∈ (k×)2. Let {bn}n∈N be a sequence satisfying b2n − 2 = bn−1 for all n ∈ N. Put
kn = k(bn) and k∞ =
⋃
n∈N kn. Then k∞k
(∞)/k is a Z2 ⋊ Z2-extension unramified
outside 2 such that A
{2}
∅,∞(k∞k
(∞)) ≃ Z2.
Proof. We denote by k(m) the mth layer of the Z2-extension k
(∞)/k. Note that
k(1) = k(
√
2) and k(∞)/Q is totally ramified at 2. Put L = L∅∅,∞(k
(∞)) and L′ =
L
{2}
∅,∞(k
(∞)). By the assumption, k1k(1) = k(1)(
√
2 + b0) = k
(1)(
√
ℓ1) = k
(1)(
√−ℓ2).
Then k1k
(∞)/k(∞) is an unramified quadratic extension, and k1k(∞) ∩ L′ = k(∞).
By the assumption and [1, Theorem 5], L′/k(∞) is a Z2-extension, and L = k1L′.
In particular, A
{2}
∅,∞(k
(∞)) ≃ Z2. Then L/k1k(∞) is a Z2-extension, and L′ ⊂ L ⊂
L
{2}
∅,∞(k1k
(∞)) ⊂ L˜, where L˜ denotes the maximal unramified pro-2-extension of k(∞).
By [8, Theorem 2.1], L˜/L′ is a finite cyclic 2-extension. Since a prime lying over
2 is inert in the quadratic subextension L/L′ of L˜/L′, the prime is inert in L˜/L′.
Therefore L = L
{2}
∅,∞(k1k
(∞)), and hence A{2}∅,∞(k1k
(∞)) ≃ Z2.
Put k0 = k(b0) = k. By the assumption on b0 and [14, Theorem 3.1], kn+2/kn is a
cyclic quartic extension unramified outside 2 for each n ∈ {0}∪N. By [14, Proposition
4.1], k∞k(∞)/k is a Galois extension unramified outside 2. Since k1k(∞) 6= k(∞), one
can see that kn+2k
(∞)/knk(∞) is also a cyclic quartic extension for each n ∈ {0} ∪ N,
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inductively. Then k∞k(∞)/k(∞) is a Z2-extension by [14, Lemma 4.2], and k∞k(∞)/k
is a Z2⋊Z2-extension. Recall that the prime v of k
(∞) lying over 2 is inert in k1k(∞).
Since L contains no cyclic quartic extension of k(∞) in which v is inert, k2k(∞)/k(∞)
is not unramified, and hence k∞k(∞)/k1k(∞) is totally ramified at the prime lying
over 2. By applying Theorem 2.1 for K ′′ = k2k(∞), K = k(∞), Σ = T = {v} and
S = ∅, we see that A{2}∅,∞(k2k(∞)) ≃ Z2. By the recursive use of Theorem 2.1 for
the quartic extensions kn+2k
(∞)/knk(∞), A
{2}
∅,∞(knk
(∞)) ≃ Z2 for all n ∈ N, and hence
A
{2}
∅,∞(k∞k
(∞)) ≃ Z2.
Remark 4.5. In the situation of Theorem 4.4, the inertia field of the prime lying
over 2 in k∞k(∞)/k is k(
√
ℓ1), which is either k1 = k(
√
2 + b0) or k(
√
2(2 + b0)).
Since the prime 2 does not split in k∞k(∞)/Q, Ker(A∅∅,∞(k∞k
(∞)) → A{2}∅,∞(k∞k(∞)))
is procyclic. Then A∅∅,∞(k∞k
(∞)) is a finitely generated Z2-module, in particular a
“pseudo-null” Z2[[Gal(k∞k(∞)/k)]]-module (cf. [11, 14] etc.).
Example 4.6. Suppose that ℓ1 = 11 and ℓ2 = 19 in the situation of Theorem 4.4.
Then L˜ = L by [8, Corollary 3.4], and hence A∅∅,∞(k1k
(∞)) ≃ Z2.
If b0 = −93102, then 2+b0 = −702ℓ2 and 4−b20 = −64402ℓ1ℓ2. Hence A{2}∅,∞(k∞k(∞)) ≃
Z2 by Theorem 4.4. Since k(
√
ℓ1) = k1, k2k
(∞)/k2 is totally ramified over 2. By
[12], we see that A(k2) ≃ [2] and A(k2k(1)) ≃ [8]. By [2, Theorem 1 (2)] (or
Theorem 1.2), A∅∅,∞(k2k
(∞)) is procyclic. By the recursive use of Theorem 2.1 for
kn+2k
(∞)/knk(∞), we have A∅∅,∞(k∞k
(∞)) ≃ Z2.
If b0 = 6440
√−ℓ1ℓ2, then 2 + b0 = 2ℓ−11 (506 + 35
√−ℓ1ℓ2)2 and 4 − b20 = 931022.
Hence A
{2}
∅,∞(k∞k
(∞)) ≃ Z2 by Theorem 4.4. Since k(
√
ℓ1) = k(
√
2(2 + b0)), k2k
(∞)/k2k(1)
is totally ramified over 2. By [12], A(k2k
(1)) ≃ [8] and A(k2k(2)) ≃ [16] under GRH.
Then A∅∅,∞(k∞k
(∞)) ≃ Z2 by the same arguments under GRH.
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